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Abstract
We investigate noninertial effects on the scattering problem of a nonrelativistic particle in the
cosmic string spacetime. By considering the nonrelativistic limit of the Dirac equation we are able
to show, in the regime of small rotational frequencies, that the phase shift has two contribution:
one related to the noninertial reference frame, and the other, due to the cosmic string conical
topology. We also show that both the incident wave and the scattering amplitude are altered as a
consequence of the noninertial reference frame and depend on the rotational frequency.
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I. INTRODUCTION
Effects of rotation on nonrelativistic classical systems have been reported in the litera-
ture [1, 2] and inspired works in the context of quantum mechanics [3–11]. The most known
effects that stem from rotation are associated with the appearance of geometric quantum
phases such as the Sagnac effect [6, 7, 10], the Mashhoon effect [3] and the Aharonov-Carmi
geometric phase [12]. Another effect has been pointed out in Refs. [13–15], where a con-
tribution to the energy levels stems from the coupling between the angular momentum and
the angular velocity of the rotating frame. Based on Refs. [1, 2], it has been investigated in
Ref. [16] effects of rotation on a nonrelativistic quantum system by writing the Hamiltonian
operator in the form: Hˆ = Hˆ0− ~Ω · Lˆ, where Hˆ0 corresponds to the Hamiltonian operator in
the absence of rotation, ~Ω is the angular velocity of the rotating frame and Lˆ is the angular
momentum operator. Recently, this proposal has been explored in neutral particles systems
with a magnetic quadrupole moment [17]. Other contexts that have investigated rotating
effects are the quantum Hall effect [18], spintronics [19–21] and Bose-Einstein condensation
[22].
On the other hand, in relativistic classical systems, Landau and Lifshitz [23] showed
that the line element of the Minkowski spacetime becomes singular at large distances for a
system in a uniformly rotating frame. This particular aspect has attracted interests in the
quantum field theory with studies in Dirac fields [9, 24], Casimir effect [25], scalar bosons
[26], DKP equation [27], electroweak interactions [28], neutrino interactions [29] and the
Dirac oscillator [30]. This geometrical approach proposed by Landau and Lifshitz [2] has
also been explored in the nonrelativistic limit of the Dirac equation with the confinement of
a neutral particle to a hard-wall confining potential [31] and in the presence of torsion [32].
The aim of this work is to investigate effects of rotation on the nonrelativistic quantum
scattering of a spin-1/2 particle in the cosmic string spacetime. It is well-known that cosmic
strings are line-like topological defects predicted in the context of some gauge extensions
of the Standard Model of particle physics, and give rise to a variety of cosmological, as-
trophysical and gravitational phenomena [33–35]. For instance, a cosmic string can emit
gravitational waves and high energy cosmic rays [36] that makes possible the product of
the cosmic string linear energy density (µ) by the Newton’s gravitational constant (G) to
be constrained. In special, an idealized structureless and very long straight cosmic string
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produces a topologically conical spacetime with an angle deficit, on the plane perpendicular
to it, given by ∆ϕ = 8πGµ [33]. Besides, the axial symmetry of the cosmic string spacetime
provides an interesting way of studying scattering problems since it can be viewed as a
point-like particle with mass µ = M in (2+1)-dimensions. In fact, it has been widely shown
that the interaction between two-point particles can be described in terms of the dynamics
of a particle on a (2 + 1)-conical spacetime [37]. In this scenario, the scattering of the point
particle is caused by the nontrivial topology of the conical spacetime. With this spirit, the
nonrelativistic and relativistic scattering problem of a particle in the (2 + 1)-dimensional
cosmic string spacetime were considered in Refs. [38, 39], where the authors showed that
the scattering amplitude depends crucially on the cosmic string parameter α = 1 − 4Gµ.
Furthermore, extensions of these pioneers works have been realized in Ref. [40], where
it is analyzed the scattering problem of a relativistic bosonic particle under a nontrivial
boundary condition. In Ref. [41] is considered the high delta-like curvature contribution
for the scattering amplitude and the nonrelativistic time-dependent generalization has been
performed in Ref. [42].
The structure of this paper is as follows: in section II, we begin by making a brief review
of a Dirac particle in the Fermi-Walker reference frame, and thus we show the nonrelativistic
limit of the Dirac equation; in section III, we discuss the nonrelativistic quantum scattering
of a spin-1/2 particle in the presence of noninertial effects and a topological defect; in section
IV, we present our conclusions.
II. NONRELATIVISTIC LIMIT OF THE DIRAC EQUATION IN THE FERMI-
WALKER REFERENTIAL FRAME REVISITED
In this section, we start by making a brief review of a Dirac particle in the cosmic string
spacetime under the effects of rotation and, in the following, we discuss the nonrelativistic
limit of the Dirac equation. The cosmic string spacetime is a topological defect spacetime
described by the line element:
ds2 = −dt2 + dr2 + α2r2dϕ2 + dz2, (1)
where α = 1 − 4Gµ is the parameter associated with the deficit of angle and 0 ≤ ϕ < 2π
[43–46]. Next, by following Ref. [2], we can make a coordinate transformation given by
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ϕ → ϕ + ̟ t, where ̟ corresponds to the constant angular velocity of the rotating frame
that rotates around the z-axis, then, the line element of the cosmic string spacetime (1)
becomes [30]:
ds2 = − (1−̟2α2r2) dt2 + 2̟α2r2dϕ dt+ dr2 + α2r2dϕ2 + dz2. (2)
As pointed out in Refs. [30, 31], the line element of the cosmic string under the effects
of rotation becomes defined in the range
0 < r <
1
α̟
, (3)
which means that there is a restriction on the values of the radial coordinate, otherwise, for
r ≥ 1
α̟
, the line element (2) becomes positive, which is not admissible [2]. As discussed in
Ref. [30], if r ≥ 1
α̟
we would have a particle with velocity greater than the velocity of light,
which agrees with Ref. [2] in the Minkowski spacetime, since we can recover the line element
of the Minkowski spacetime by taking α → 1. In recent years, the restriction (3) imposed
by the rotating effects has been explored in the context of quantum mechanics, where it has
been used to impose that the wave function of the Dirac particle vanishes at r → 1/α̟.
As examples, the Dirac oscillator [30] and the Casimir effect [25].
In order to work with the Dirac equation, we need to build local reference frame of
the observers is through a noncoordinate basis θˆa = eaµ (x) dx
µ, where the components
eaµ (x) are the well-known tetrads that satisfy the relation gµν (x) = e
a
µ (x) e
b
ν (x) ηab, with
ηab = diag (− + ++) as being the Minkowski metric tensor [47, 48]. Then, let us take a
Fermi-Walker reference frame [30, 49, 50]:
θˆ0 = dt; θˆ1 = dr; θˆ2 = ̟αr dt+ α r dϕ; θˆ3 = dz. (4)
Thereby, the Dirac equation in the Fermi-Walker reference frame (4) is written in form:
iγµ ∂µΨ+ iγ
µ Γµ (x) Ψ = mΨ, (5)
where Γµ (x) =
i
4
ωµab (x) Σ
ab is the spinorial connection [47, 48], with ωµab (x) as being the
connection 1-form or spin connection, whose components can be obtained by solving the
Maurer-Cartan structure equations in the absence of torsion dθˆa + ω aµ b (x) dx
µ ∧ θˆb = 0
[48]. Furthermore, the term Σab = i
2
[
γa, γb
]
is determined by the standard Dirac matrices
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in Minkowski spacetime [51]:
γ0 =

1 0
0 −1

 ; γi =

 0 σi
−σi 0

 , (6)
where σi corresponds to the Pauli matrices. It is easy to check that the second term on the
left-hand side of the Dirac equation (5) becomes iγµ Γµ (x) = i
γ1
2r
. Then, by following Refs.
[31, 51], we can write the solution to the Dirac equation (5) as Ψ = e−im t (φ χ)T , where φ
is considered to be the “large” component and χ is considered to be the “small” component,
and thus we can take the nonrelativistic limit of the Dirac equation. In this way, after some
calculations, we obtain the Schro¨dinger equation:
i
∂φ
∂t
= − 1
2m
[
∂2
∂r2
+
1
r
∂
∂r
+
1
α2 r2
∂2
∂ϕ2
+
∂2
∂z2
]
φ+
i
2m
σ3
α r2
∂φ
∂ϕ
+
1
8mr2
φ+ i̟
∂φ
∂ϕ
. (7)
Note that, by taking α → 1, we recover the Schro¨dinger equation in the Fermi-Walker
reference frame obtained Ref. [31] in the absence of a topological defect. A particular
solution to Eq. (7) is obtained by observing that φ is an eigenfunction of σ3 (σ3φ = ±φ =
sφ, where s = ±1) and the operators Jˆz = −i∂ϕ [52] and pˆz = −i∂z commute with the
Hamiltonian operator defined on the right-hand side of Eq. (7). Hence, we have
φ (t, r, ϕ, z) = e−iEtei(l+
1
2)ϕ eipz z Rl, s (r) . (8)
By substituting the wave function (8) into Eq. (7), we obtain the following radial equation:
∂2Rl, s
∂r2
+
1
r
∂Rl, s
∂r
+
(
η2l −
ν2s,q
α2 r2
)
Rl, s = 0. (9)
where we have taken pz = 0 and defined the parameters
η2l = η
2 + 2m̟
(
l +
1
2
)
;
(10)
νs,q = l +
1
2
− s
2q
= l + βq,
where η2 = 2mE , q = 1/α and βq = (q − s) /2q. Note that the second order differential
equation (9) is known in the literature as the Bessel differential equation [53, 54]. The general
solution to Eq. (9) is given by Rl, s (r) = AJνs,q (ηl r) + BNνs,q (ηl r), where Jνs,q (ηl r) and
Nνs,q (ηl r) are the Bessel functions of the first kind and second kind, respectively. Since we
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wish to deal with a regular solution at the origin, then, we consider B = 0 and write the
solution to Eq. (9) in the form:
Rl, s (r) = AJq |νs,q | (ηl r) . (11)
Now, we are able to investigate the effects of rotation on the nonrelativistic quantum
scattering of a spin-1/2 particle in the presence of a topological defect.
III. TOPOLOGICAL SCATTERING IN THE FERMI-WALKER REFERENCE
FRAME
A. The partial wave expansion approach
Since the cosmic string spacetime has an axial symmetry, to perform our analysis, we will
omit the z-component of the solution (8) and only consider the azimuthal and radial parts.
Bearing that in mind, the scattering solution of the Dirac equation is constructed such that
there is a nonzero phase shift δl [38, 39], i.e,
φ(r, ϕ) =
∞∑
l=−∞
e
i
(
δl+
|νs,1|pi
2
)
Rl,s(r)e
i(l+ 12)ϕ, (12)
where νs,1 is given by Eq. (10), with q = 1. This solution correctly provides the large-
distance scattering behaviour
φ(r, ϕ) −−−→
r→∞
eiηr cosϕ +
√
i
r
f(ϕ)eiηr, (13)
where
f(ϕ) =
1√−2πη
∑
l
(
e2iδl − 1) ei(l+ 12)ϕ, (14)
is the scattering amplitude. Note that Eqs. (12)-(14) represent the partial wave expansion
approach for scattering problems [38, 39].
If there is really scattered waves, asymptotically, the radial solution in Eq. (11) will differ
from that of Minkowski spacetime by a phase shift δl, that is,
Rl,s(r) −−−→
r→∞
√
2
πηr
cos
(
ηr − q|νs,1|π
2
− π
4
+ δl
)
. (15)
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Thereby, by comparing the asymptotic behaviour of Eq. (11), when q = 1 and ̟ = 0,
with the expression above we see that
δl = δηl + δq, (16)
where
δηl = ηl − η,
=
√
2m
[
E +̟
(
l +
1
2
)]
− η, (17)
is the phase shift associated with the existence of a nonzero rotational frequency ̟, char-
acterizing the noninertial reference frame. As we are working in the domain of the nonrel-
ativistic limit of the Dirac equation (5) it is reasonable to consider only small frequencies,
that is, E ≫ ̟. This assumption provides us with the following approximation for Eq. (17):
δηl ≈ ωeff
(
l +
1
2
)
, ωeff =
√
m
2E̟. (18)
In addition, the second term on the right hand side of Eq. (16) is the phase shift associated
with the cosmic string topology given by
δl =
π
2
(|νs,1| − q|νs,q|) =

 −
1
2
(
l + 1
2
)
ωcs, for l ≥ 0 ,
1
2
(
l + 1
2
)
ωcs, for l < 0 ,
(19)
where ωcs = π(q − 1) is the classical scattering. One should note that for the case ̟ = 0,
the phase shift (16) is only due to the presence of the cosmic string. This case was firstly
investigated in [39], where the authors obtained Eq. (19).
The natural step now would be to use the phase shift (16) along with Eq. (14) to
calculate the scattering amplitude. However, as already showed in Refs. [38, 39], Eq. (14)
leads to the wrong scattering amplitude, given in terms of delta functions. By using the
Schla¨fli representation for the Bessel function Jν(z), the authors in [38, 39] obtained, using
solution (12), the correct separation that provides the correct and finite scattering amplitude,
although they did that using a rather complicated contour integration. Following the same
approach adopted in [40], we wish to obtain a summation formula for Eq. (12) which will
provide the correct scattering amplitude in an easier and more elegant way.
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B. The scattering problem
Let us perform the Wick-like rotation, ηlr = izl, in the radial solution (11). Upon using
the well-known relation Jn(iz) = e
inpi
2 In(z) and the phase shift (16), Eq. (12) becomes
φ(r, ϕ) = ei
ϕspi
2 S(zl), (20)
where ϕs = ϕ+ (1− s) and
S(zl) =
∞∑
l=−∞
eirδηlIq(l+βq)(zl)e
ilϑ, (21)
with ϑ = ϕ+ π. Since we are considering the case q > 1 (cosmic string), βq is defined in the
interval 0 < βq < 1 . As a consequence, we could safely turn the absolute value |(l + βq)|
into only (l + βq) [55].
The sum in Eq. (21) can be evaluated by using the integral representation for the Bessel
function In(z) [54], i.e,
Iǫl(zl) =
1
π
∫ π
0
dy cos(ǫly)e
zl cos y − sin(πǫl)
π
∫ ∞
0
dye−zl cosh y−ǫly, (22)
where ǫl = q(l + βq). By noting that zl = −ir(η + δηl), we get from Eqs. (21) and (22)
S(z) = Sin(r, ϑ) + Ssc(r, ϑ), (23)
where
Sin(r, ϑ) =
1
π
∫ π
0
dyez cos y
∞∑
l=−∞
cos(ǫly)e
ilϑe2irδηl sin
2( y2 ), (24)
is the contribution that provides the incident wave, as we will see below, and
Ssc(r, ϑ) = −1
π
∫ ∞
0
dye−z cosh(y)
∞∑
l=−∞
eilϑ−ǫly sin(πǫl)e
2irδηl cosh
2(y2 ), (25)
is the contribution that provides the scattered wave, with z = −iηr.
It is already known that when ηr → ∞, the main contribution for the integrals in Eqs.
(24) and (25) comes from small values of y [38–40]. Thereby, using Eq. (18), as a first
approximation for Eq. (24), one has
Sin(r, ϑ) ≈ 1
π
∫ π
0
dye−z
ωeff
η
sin2( y2 )ez cos y
∞∑
l=−∞
cos(ǫly)e
ilϑ, (26)
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where e−2z
ωeff
η
l sin2( y2 ) ≈ 1, since ωeff
η
, y ≪ 1. The summation and integral above can be
calculated in a similar way as in Ref. [40, 56], providing
Sin(r, ϑ) =
ei
rωeff
2
q
∑
n
e−irη(1+
ωeff
2η ) cos[
(ϑ−2pin)
q ]e−iβq(ϑ−2πn), (27)
which is the incident wave. One can see that when ̟ = 0 (ωeff = 0) we recover the incident
wave obtained by the authors in [39], that is, the incident wave due to the scatting problem
in the cosmic string spacetime.
Let us now consider an approximated expression for Eq. (25). Once again, using Eq.
(18), one obtains
Ssc(r, ϑ) = −e
z
ωeff
2η
π
∫ ∞
0
dye−z(1+
ωeff
2η ) cosh(y)
∞∑
l=−∞
eil∆ϑ−ǫly sin(πǫl),
≈ −e
−z
π
∫ ∞
0
dye−z(1+
ωeff
2η )
y2
2
∞∑
l=−∞
eil∆ϑ−ǫly sin(πǫl), (28)
where
∆ϑ = ϑ+ 2rωeff cosh
2(y/2),
≈ ϑ+ 2rωeff . (29)
The summation in Eq. (28) can be performed using the same procedure as in [40, 56].
This provides
Ssc(r, ϑ) = −e
−z
2πi
∑
j=+,−
jejπiqβq
∫ ∞
0
dy
cosh[qy(1− βq)]− cosh(qβqy)e−i(∆ϑ+jqπ)
ez(1+
ωeff
2η )
y2
2 [cosh(qy)− cos (∆ϑ+ jqπ)]
. (30)
Note that the integral in y gives the correct large-distance behaviour to get the scattering
amplitude. In order to see that Eq. (30) really provides the correct asymptotic scattering
behaviour one needs to expand the y-dependent functions and consider only the leading
term. By doing so one obtains
Ssc(r,∆ϑ) = − 1
2πi
∑
j=+,−
jejπiqβq
1− e−i(∆ϑ+jqπ)
[1− cos (∆ϑ+ jqπ)]e
−z
∫ ∞
0
e−z(1+
ωeff
2η )
y2
2 dy,
=
√
i
r
f(∆ϑ)eiηr, (31)
where
f(∆ϑ) =
1√
2πη
1
cosωcs + cos∆ϑ
(
sin ω¯ − sin(qπβq)e−i∆ϑ
)(
1 +
ωeff
2η
)− 1
2
,
=
2i cos
(
S
2
)
√
2πη
sin
(
ωcs
2
)
sin
(
ϑ+2rωeff
2
)
e−i
(ϑ+2rωeff)
2
cosωcs + cos(ϑ+ 2rωeff)
(
1 +
ωeff
2η
)− 1
2
, (32)
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is the correct scattering amplitude for ∆ϑ 6= qπ, with ω¯ = ωcs − qπβq, qπβq = ωcs2 + S2 and
S = π(1 − s). Within the approximation we have taken for Eqs. (26) and (28), we can
clearly see the dependency of Eq. (32) with the rotational frequency ̟, or equivalently with
ωeff . This dependency only appears if we also consider the nontrivial topology of the cosmic
string spacetime, otherwise, by making q = 1 in Eq. (32) there will be no scattered wave
and therefore no effect of the noninertial reference frame will be evident.
In the limit ̟ = 0 we recover the result [62] of Ref. [39]. However, we point out that
while in [39] the authors obtained the same scattering amplitude for s = ±1 here we can
see that they are the same up to a minus sign, which is a consequence of whether S = 0
or S = 2π. The reason for this is that we use the more correct approach to calculate the
scattering amplitude, in contrast with the approach adopted in [39] where they made use
of Eq. (14). In fact, as pointed out by the author in Ref. [57] one should find a way of
first solving the summation in (12) and then take the large-distance limit to analise the
scattering problem. Thus, by doing so, we do not get for instance the delta’s contributions
in Eq. (32) as in [39].
One should note that the scattering amplitude has an apparent divergency at ∆ϑ = ±qπ.
Nevertheless, we can show, in a similar way as it was done in [40], that this is not the case.
To obtain the correct finite expression for the scattering amplitude at these values, one needs
to reconsider Eq. (30) and expand the cosh’s up to O(y2). By doing that one gets
Ssc(r,±qπ) −−−−→
ηr→∞
− 1
2πi
[
∓(1− 2βq)e∓iπqβq + ie
±iπqβqe∓iωcs
sinωcs
]
e−z
∫ ∞
0
e−z(1+
ωeff
2η )
y2
2 dy,
=
√
i
r
f¯(±qπ)eiηr, (33)
where
f(∆ϑ = ±qπ) = 1√
2πη
(
−e
±iπqβq
2
cotωcs − sin(πqβq)± iβqe∓iπqβq
)(
1 +
ωeff
2η
)− 1
2
,
=
ei
S
2√
2πη
(
−e
±iωcs
2
2
cotωcs − sin
(ωcs
2
)
± iβqe∓i
ωcs
2
)(
1 +
ωeff
2η
)− 1
2
, (34)
which is the finite scattering amplitude valid for q 6= 1 and calculated at ∆ϑ = ±qπ. The
latter provides an interesting result for the rotational frequency, that is,
̟ =
√
2E
m
(ωcs − ϕ)
2r
, (35)
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for a fixed energy E and defined in the interval 0 < r < q
̟
. This expression for the rotational
frequency taken at ϕ = ωcs is zero while at ϕ = −ωcs is given by ̟ =
√
2E
m
ωcs
r
. In other
words, the rotational frequency ̟ is directly related to the topology of the cosmic string
spacetime through ωcs.
Let us now point out another interesting feature of Eq. (34). It will provide a somewhat
different expression for the scattering amplitude, depending on the value of the spin s = ±1.
That is, because of the last term on the right hand side of Eq. (34), the expressions for s = ±1
will differ for more than a minus sign, different from what happens in Eq. (32). Moreover,
to the best of our knowledge, the scattering amplitude (34) calculated at ∆ϑ = ±qπ had not
been obtained so far for the case ̟ = 0. The authors in [39] only obtained the expression
(32) for ∆ϑ 6= ±qπ.
It is worth noting that although we have considered here the nonrelativistic limit of the
Dirac equation, the main results for the scattering problem such as phase shift, scattering
amplitude and the incident wave, in the case ̟ = 0, are the same as the ones obtained in
[39] in the relativistic regime. The difference appears only in the expression for the energy,
which in the nonrelativistic case is given by Eq. (10).
IV. CONCLUSIONS
We have considered noninertial effects on the scattering problem of a spinorial particle
on a (2 + 1)-dimensional cosmic string spacetime. Upon taking the nonrelativistic limit
(7) of the Dirac equation (5), we have been able to find its general solutions (8) and the
corresponding energy levels of the system which depend on the rotational frequency, ̟, of
the rotational reference frame. The nonrelativistic limit have allowed us to study the more
tractable case of small frequencies.
In the context of the partial wave expansion approach for the scattering problem we have
also obtained the phase shift (16) and shown it has two contributions, one corresponding
to the noninertial effects contribution (17) and another one corresponding to the conical
topology of the cosmic string spacetime (19). The latter was previously obtained in [39] and
we emphasise that although the authors obtained this phase shift in the relativistic regime,
for ̟ = 0, all the results for the scattering problem, i.e, phase shift, scattering amplitude
etc., are the same in the nonrelativistic case, except for the fact that the expression for the
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energy assume the nonrelativistic form (10).
Using the small frequencies approximation in Eq. (18) we have also been able to obtain
both the incident wave (27) and the scattered wave (31) by adopting the integral represen-
tation (22) of the Bessel function In(x). We have shown that the incident wave and the
scattering amplitude (32) depend on ̟, through the parameter ωeff , defined in Eq. (18).
We point out that Eq. (32) provides, for s = ±1, the same expressions up to a minus sign,
in contrast to the result of [39] where the authors showed the expressions are exactly the
same. This is due to the fact we have first performed the summation in l in Eq. (12), using a
summation formula previously obtained in [56], and only afterwards taken the large-distance
limit. This has been pointed out by the author in [57] to be the more correct way of tackling
the problem.
The apparent divergency at ∆ϑ = ±qπ present in Eq. (32) was shown to be finite in
Eq. (34) after we expanded the cosh’s in Eq. (30) up to O(y2). The scattering amplitude
(34) at ∆ϑ = ±qπ was not obtained by Ref. [39] and, as far as we know, is a new result
derived here. Because of the last term on the right hand side of Eq. (34) , the expression for
s = ±1 will not differ only by a minus sign. Moreover, as a consequence of Eq. (34) taken
at ∆ϑ = ±qπ we also derived, using Eq. (29) , an interesting expression for the rotational
frequency given by Eq. (35) .
It is also possible to conduct an investigation of noninertial effects on the scattering
of a bosonic particle propagating in (2 + 1)-dimensional cosmic string spacetime. In this
case, similarly to Eqs. (32) and (34), we expect to obtain a dependence of the scattering
amplitude on the rotational frequency, as well as an analogous formula to Eq. (35). An
additional possibility is to consider noninertial effects in another geometry, like the one that
describes the spacetime with a space-like dislocation [32, 58, 59], a linear topological defect
associated with torsion which is also found in the context of theories of solid and crystal
continuum media [60, 61]. In this context, the scattering problem of both fermionic and
bosonic particles can be analysed.
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